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MATHEMATICS 
EQUINORMAL PROXIMITY SPACES 
BY 
WILLIAM J. PERVIN 1) 
(Communicated by Prof. H. Freudenthal at the meeting of November 30, 1963) 
MR6WKA [l] has defined a normal metric for a metrizable space to be 
one for which disjoint closed sets have a positive distance between them. 
It seems natural to generalize his results to proximity spaces since the 
requirement that two sets have a positive distance between them is 
equivalent to the requirement that the two sets are distant in the induced 
proximity. SIEBER and PERVIN [2] have given a definition for normality 
in syntopogenous spaces which reduces to the following for proximity 
spaces: 
Definition. A proximity space X is equinormal with respect to 
the proximity b iff every pair of disjoint closed subsets of X are b-distant; 
i.e., if A and B are disjoint closed subsets of X, then A 6 B. 
It is clear that this definition agrees in the case of a metrizable proximity 
with that given by Mr6wka. We recall from [2] that an equinormal space 
must be topologically normal, but the converse is not true. Thus, for 
example, the real number system with the proximity induced by the 
usual metric is normal, since we have the usual topology, but not equi-
normal, since the set N of natural numbers and the set {n-lfn : n EN} 
are disjoint and closed but near. 
Mr6wka states that a metric for a space is normal iff every real-valued 
continuous function defined on the space is uniformly continuous. Trans-
lating this into proximity notation, we would hope that a proximity 
for a space would be equinormal iff every real-valued continuous function 
defined on the space were equicontinuous. Since, as noted above, every 
equinormal space is (topologically) normal, we must restrict ourselves 
to normal spaces in addition to the usual requirement that all proximity 
spaces be completely regular and Hausdorff. 
Theorem. A normal proximity space is equinormal iff every real-
valued continuous function defined on the space is equicontinuous. 
Proof. If f is a real-valued continuous function defined on the 
proximity space (X, J) which is not equicontinuous, then there must 
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exist two subsets A and B of X such that A b B but f(A) JR f(B), where 
bR denotes the usual metric proximity for the reals. It follows immediately 
that c(A) b c(B), where c denotes the closure operator in the topology 
induced by b. If c(A) n c(B)i=c/>, then we may let p E c(A) n c(B). By 
the continuity off, we must have f(p) E c(f(A)) n c(f(B)), and so f(A) bR/(B), 
which is a contradiction. Thus we must have c(A) n c(B) =cf>, and we 
have found two disjoint closed subsets of X which are near. 
Conversely suppose that every real-valued continuous function defined 
on the normal proximity space (X, b) is equicontinuous and that A and 
B are disjoint closed subsets of X. By Urysohn's Lemma, there exists a 
real-valued continuous function f defined on X such that f(A) = 0 and 
f(B) = 1; thus, f(A) JR f(B). By hypothesis, f is equicontinuous, and 
so A J B. 
It follows from this theorem that in an equinormal proximity space 
every real-valued continuous function can be continuously extended 
over the compactification space associated with the proximity (see [3]) 
and so we must have the Stone-Cech compactification. 
Corollary l. A normal proximity space (X, b) is equinormal iff 
the proximity c5 is induced by the Stone-Cech compactification of X. 
In contrast to Mr6wka's result for normal metrics (every metric 1s 
normal iff the space is compact), we then have the following: 
Corollary 2. Every proximity for a normal space X is equinormal 
iff X has a unique compactification. 
For example, the space of all ordinals less than the first uncountable 
ordinal with the order topology is not compact but, since it has a unique 
compactification, has the property that every proximity inducing the 
topology (there is only one!) is equinormal. The difference between this 
result and Mr6wka's is due to the fact that a metric space always admits 
equivalent metrics. 
As pointed out by Mr6wka, there is no corresponding problem about 
the existence of equinormal proximities as there is for normal metrics 
since every space has its Stone~Cech compactification. The fourth problem 
of Mr6wka, by our above results, reduces to the well-known question 
of whether the Stone-Cech compactification induces a complete proximity 
space. 
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